The research reported in this paper investigated designs of composite laminates for hydrogen tanks in cryogenic environments. Large residual strains, which can develop due to thermal mismatch between matrix and fibers, result in matrix cracking at cryogenic temperatures and increase hydrogen leakage through the tank wall. To reduce thermal mismatch, ply angles need to be close to each other, but this leads to a substantial weight increase under bi -axial loading. This research first used dete rministic optimization to investigate possible weight reduction measures. Reducing axial loads on walls by auxiliary stiffening mechanisms led to significant weight reduction. Reliability-based optimizations were performed to identify the uncertainties in composite material properties with the largest influences on the optimum design. Then measures for reducing T zero = stress free temperature α 1 , α 2 = coefficient of thermal expansion along and transverse to fiber direction θ, θ 1 , θ 2 = ply orientation angles t 1 , t 2 = thickness of plies with angles θ 1 and θ 2 , respectively h = total laminate thickness ε 1 , ε 2 , γ 12 = strains along and transverse to fiber direction and shear strain of a composite ply Subscripts: u = upper limit; l = lower limit
INTRODUCTION
The use of composite materials in liquid hydrogen tanks at cryogenic temperatures involves many challenges. Large thermal strains develop due to the mismatch of the thermal expansion coefficients in the fiber and transverse directions. The residual thermal and successfully predicted the leakage through matrix cracks.
In order to reduce matrix cracking, laminates designed for cryogenic environments need to have smaller angles between plies. For example, ±25° laminates have been used for such applications. 4 These types of laminates, however, do not efficiently carry the biaxial hoop and axial stresses due to pressure.
The objective of this paper is to investigate available options for minimizing the increase in thickness required to carry both mechanical and thermal residual strains. Deterministic optimizations were performed to investigate the use of auxiliary stiffening solutions that reduce the axial mechanical load on the tank wall laminate. Furthermore, reliability-based optimization was used to investigate options for weight reduction by controlling material variability.
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The composite material used was the IM600/133 graphite-epoxy material system, tested by Aoki et al. 3 at various temperatures, from 356°F to -452.2°F (180°C to -269°C), with mechanical tensile loads. They showed that the fracture toughness of the material increased at lower temperatures; however, the increased strain energy due to the mismatch in the thermal expansion coefficients also increased the critical energy release rate. They also applied the micro-mechanics model proposed by Park and McManus 1 for predicting micro-cracking and showed good correlation with experiments. Aoki et al. 3 found that at cryogenic temperatures, quasi-isotropic laminates exhibited a large reduction in the transverse mechanical strain ε 2 that initiates micro-cracking (0.702% at room temperature to 0.325% at cryogenic temperatures).
Currently, there is limited information available on the failure characteristics of composite laminates. Uncertainties in the stiffness and strength properties are introduced by the fabrication process, the temperature dependence of material properties, the cure reference temperature, and the acceptable crack density for design. The traditional way to deterministically design the laminate with some safety factors may not work well for this problem due to various uncertainties and the laminate cracking failure mode. These uncertainties indicate a need to use reliability-based optimization to design laminates for use at cryogenic temperatures. The present research identified uncertainty parameters that have the largest influence on the optimum design and quantified the weight penalty associated with level of uncertainty in those parameters. The reliability-based optimization is carried out using response surface approximations combined with Monte Carlo simulation. 5 
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The paper employed simple analytical models and simplifying assumptions on statistical distributions. These allowed us to access the utility of various strategies for reducing structural weight. For actual design, however, more accurate models need to be used.
DETERMINISTIC DESIGN OF ANGLE-PLY LAMINATE
The first step to investigate the design problem was to study the deterministic design of the laminate. It is estimated that the minimum thickness needed to prevent hydrogen leakage is 0.04 inch, so it may be acceptable to permit matrix cracking if the undamaged part of the laminate has a minimum thickness of 0.04 inch.
Problem formulation
Laminates with two ply angles, [± θ 1 / ± θ 2 ] S were optimized (see Figure 1) . The x direction corresponds to the hoop direction on a cryogenic propellant tank, while the y direction corresponds to the axial direction. The laminates are made of IM600/133
graphite-epoxy material with a ply thickness of 0.005 inch and subjected to a mechanical load and an operating temperature of -423°F where N x is 4,800 lb/inch and N y is 2,400 lb/inch. 
where h is the laminate thickness, superscripts u and l denote upper and lower limits of associated quantities, and e 1 , e 2 , and γ 12 are the ply strains along fiber direction, transverse to fiber direction, and shear strain, respectively. The stack thickness of plies with ply-angle θ 1 and θ 2 are t 1 and t 2 , respectively. The four design variables are the ply angles θ 1 and θ 2 and their stack thickness t 1 and t 2 . The individual stack thickness from a continuous optimizer (SQP in MATLAB) is rounded up to the nearest multiple of 0.005 inch. Table 1 shows the strain allowables for the lamina, which are determined from experiments and explained in Appendix I. The strain allowables may appear to be high; however, they are applied to strain including residual strains that develop due to cooling from stress-free temperature of 300°F. As shown in Appendix I, a quasi-isotropic laminate will use up its entire transverse strain allowable of 0.011, when cooled to -452°F. This value is conservative in view of the experiments by Aoki et al. 3 that indicated that the laminate can carry 0.325% mechanical strain at cryogenic temperatures. The stress-free temperature of IM600/133 is assumed to be 300°F. The material properties of IM600/133 were taken from Aoki et al. 3 Since these properties, such as coefficients of thermal expansion and elastic moduli, change substantially with temperature, classical lamination theory with temperature-dependent material properties is applied (see summary in Appendix II). The calculations used smooth polynomials fitted to material properties (see curves in Appendix I) using JMP software 6 .
Optimization results
To see the effect of mechanical and thermal loads, it is instructive to compare designs for different operational temperatures. As shown in Table 2 of Qu et al. 4 , a cross-ply laminate with a thickness of 0.04 inch can easily (with 0.1% transverse strain as the 8 margin of safety) carry the mechanical loads. When thermal strains are taken into account, the angle between the θ ± plies must decrease in order to reduce the thermal strains. At cryogenic temperatures, the angle decreases to 25.5°, and at that angle the axial loads cannot be carried efficiently and the thickness increases to 0.1 inch. It is shown in the Figure 2 of Qu et al. 4 that at -423°F the thickness of optimum laminates obtained by using temperature-dependent material properties is 80% less than that using constant material properties at 77°F. Using temperature-dependent material properties avoided a very conservative design with constant material properties.
Because designs must be feasible for the entire range of temperatures, strain constraints were applied at 21 different temperatures, which were uniformly distributed from 77°F to -423°F. Table 2 below shows that the design problem has multiple optima. Figure 2 shows that the tensile strain limit e 2 u is the active constraint at -423°F for the second optimal design in Table 2 . The failure probabilities of these laminates are too high. We expect that requirements will be of the order of 10 -4 to 10 -6 , and this provides incentives to conduct reliability-based design.
As described in Qu at al., 4 designs with some matrix cracking, assuming that the undamaged laminate has a thickness of at least 0.04 inch, were performed. However, this did not lead to lighter design. Optimizations with reduced a xial load N y
With small ply angles, the critical component of the load is the axial load N y , induced by pressure on the caps of the propellant tank. A smaller axial load may be obtained by using an auxiliary structure to carry part of this load, such as axial stiffeners or a cable connecting the caps. If the auxiliary structure does not directly connect to the wall of the hydrogen tank (e.g., attached to the caps of the tank), it will not be affected by the mismatch of the thermal expansion coefficients (i. e., the residual thermal strains). Here we explored the possibility of halving the axial load through carrying 1200 lb/inch of the axial load with a cable made of unidirectional material. The required cross-sectional area of the composite cable is 5.05 inc h, 2 which is equivalent to a laminate thickness of 0.005 inch for a tank with a 160-inch radius. Table 3 lists designs optimized with half of the axial load. The results revealed that reducing axial load is an effective way to reduce the laminate thickness. Higher probabilities of failure reflect a rounding down of the thickness. 
RELIABILITY-BASED OPTIMIZATION

Problem formulation
The reliability-based optimization is formulated as 11 ( )
where h is the laminate thickness, t 1 and t 2 are the stack thickness of lamina with plyangle θ 1 and θ 2 , respectively. The limits on t 1 and t 2 also ensure that the laminate has a minimum thickness of 0.04 inch to prevent hydrogen leakage. The reliability constraint is expressed as a limit P u (i.e., P u =10 -4 ) on the probability of failure, P. The probability of failure is based on first-ply failure according to the maximum strain failure criterion. The four design variables are the ply angles θ 1 and θ 2 and their stack thickness t 1 and t 2 .
The twelve random variables are four elastic properties (E 1 , E 2 , G 12 , µ 12 ); two coefficients of thermal expansion (α1, α2); five ply strain allowables (e1
; and the stress-free temperature of the material (T zero ). Table 4 shows the coefficients of variation (CV) of the random variables that are assumed to be normally distributed and uncorrelated. Those CVs, which are based on limited test data provided to us by the manufacturers, are intended only for illustration. The mean values of the strain limits are shown in Table 1 ; e 2 u is 0.0154. The mean value of the stress-free temperature is 300°F.
The mean values of the other random variables, which change as functions of temperature, are given in Appendix I. Response surface approximations for reliability-based optimization
The limit state function of a reliability analysis problem can be defined as
where Z represents a performance criterion, and x is the random variable vector. The failure event is defined as Z<0, and the failure surface or limit state of interest can be described as Z=0. The probability of failure can be calculated as
where f X (x) is the joint probability distribution function. This integral is difficult to evaluate in high dimensions, because the domain defined by g(x)<0 is usually unknown.
Commonly used probabilistic design methods are based on either simulation techniques, such as Monte Carlo simulation, or moment-based methods, such as the first-orderreliability-method (e.g., Ref. 7) . Monte Carlo simulation is easy to implement, robust, and accurate with sufficiently large sample size, but it may require a relatively large number of analyses to obtain a good estimate of failure probability. Monte Carlo simulation, which also produces a noisy response, is difficult to use with gradient-based optimization. Moment-based methods are not well suited for problems with many competing critical failure modes. Response surface approximations can help solve the two problems of Monte Carlo simulation, namely simulation cost and noise from random sampling.
13
Response surface approximations (e.g., Ref. 8) usually fit low order polynomials to the structural response in terms of random variables
where ĝ is an n ×1 vector of the responses, X is an n ×k matrix of the levels of the independent variables, and b is a k×1 vector of the least square regression coefficients.
The polynomial approximation is then used in the place of detailed analyses to reduce the computational cost of probability calculation. The fitted smooth polynomials also filter out noise in response.
Response surface approximations used for reliability-based designs can be imp lemented in different ways. Qu et al. 5 provides a review of current methods and developed an analysis response surface approach (ARS). For the present paper, response surfaces of two types were created. The first type is ARS, which is fitted to the strains in the laminate in terms of both design variables and random variables. Using the ARS, the probability of failure at every design point can be calculated inexpensively by Monte Carlo simulation based on the fitted polynomials. The second type of response surface is design response surface (DRS), which is fitted to probability of failure as a function of design variables.
The DRS is created in order to filter out noise induced by the Monte Carlo simulation and is used to calculate the reliability constraint in the design optimization.
Analysis response surfaces (ARS)
Besides the design and random variables described in the problem formulation, the service temperature was treated as a variable ranging from 77°F to -423°F in order to avoid constructing analy sis response surfaces at each selected temperature. Therefore, the 14 total number of variables was seventeen. However, the strains in the laminate do not depend on the five strain allowables, so the ARS were fitted to the strains in terms of twelve variables, including four design variables, four elastic properties, two coefficients of thermal expansion, the stress-free temperature, and the service temperature. The range of the design variables (Table 5) for the ARS was chosen based on the values of the optimal deterministic design. Ranges for random variables were automatically handled as explained below. Using the ARS and five strain allowables, probabilities of failure were calculated by Monte Carlo simulations, while the strain constraints were evaluated at 21
uniformly distributed service temperatures between 77°F and -423°F. Since the laminate has two ply angles and each ply has three strains, six ARS were needed in the optimization. A quadratic polynomial of twelve variables has 91
coefficients. The number of sampling points generated by LHS was selected to be twice the number of coefficients. Tables 6 shows that the quadratic response surfaces constructed from LHS, with 182 points, offer good accuracy. The six quadratic ARS were used to calculate the probabilities of failure with Monte Carlo simulation. Because the fitting errors in design response surfaces are generally larger than the random errors from finite sampling in probability calculation, 5 Monte
Carlo simulation only needs to be performed until relatively small confidence intervals are achieved. Therefore, a sample size of 1,000,000 was employed. The design points of DRS combine Face Center Central Composite Design (FCCCD) and LHS. Table 7 compares the three DRS. The accuracy of the quadratic response surface is unacceptable.
The accuracy of fifth-order response surface (with 126 unknown coefficients before stepwise regression) was improved by using a reciprocal transformation on the thickness t 1 and t 2 ; because the probability of failure, like most structural responses, is inversely correlated with the stack thickness. We found that LHS might fail to sample points near some corners of the design space, leading to poor accuracy around these corners. We therefore combined LHS with FCCCD, which includes all the vertices of the design space. The accuracy of DRS based on LHS combined with FCCCD is slightly worse than DRS based on LHS alone; because the probabilities at the corners of the design space are usually extremely low or high, presenting a greater fitting difficulty than without FCCCD. But the extrapolation problem was solved, and the side constraints are set as the range of the ARS shown in Table 5 . The error of 0.000012 is much lower than the allowable failure probability of 0.0001. Reliability-based designs Table 8 compares the reliability-based optimum with the three deterministic optima from Table 2 and their failure probabilities. The optimal thickness increased from 0.100 to 0.120, while the failure probability decreased by about one order of magnitude. 
Deterministic optima
a This deterministic optimum is out of the range of the analysis response surfaces; the probability of failure was calculated by Monte Carlo simulation based on another set of analysis response surfaces.
The reliability-based designs in Table 8 show that ply angles close to 25° offer designs with low failure probability. Furthermore, good designs require only a single ply angle, which allows simplification of the configuration of the laminate from
] S . Table 9 shows the failure probabilities of some chosen designs calculated with Monte
Carlo simulation using ARS. The laminates with ply-angles of 24°, 25°, and 26° offer lower probabilities of failure than the others. These thr ee laminates will be studied further. 
Quantifying errors in reliability analysis
The reliability analysis has errors due to MCS with limited sample size and due to the approximation of CLT analysis by analysis response surfaces. To evaluate the amount of errors in reliability analysis, the probability of failure of the rounded design was evaluated by using MCS with the exact analysis (classical laminate theory, CLT), but only one million analyses were performed due to the cost of computation. Table 10 compares the results of MCS based on ARS and that based on CLT. The difference is approximately 1.25×10 -5 . Table 11 shows the accuracy and error bounds for MCS.
Together with Table 10 , the error calculation indicates that the probability of failure of the rounded design is still below the target probability of failure of 0.0001. The errors can be reduced by more accurate approximations and advanced Monte Carlo simulations.
Ano ther reliability-based design cycle in a reduced-size design region can be performed to be more accurate. 
THE EFFECTS OF QUALITY CONTROL (QC) ON LAMINATE DESIGN
Comparing deterministic designs to the reliability-based design, there is an increase of 20% in the thickness. In addition, the design failure probabilit y of 10 -4 is quite high. In order to improve the design, the possibility of limiting the variability in material properties through quality control (QC) is considered. Here, QC means that materials are tested by the manufacturer and/or fabricator; extremely poor batches are not accepted.
Normal distributions assume the possibility (however small) of unbounded variation. In practice, QC truncates the low end of the distribution. Specimens with extremely poor properties are rejected. It is also assumed that specimens with exceptional properties are scarcer than those with poor properties. The normal distribution will be truncated on the high side at 3σ (excluding 14 out of 10,000 specimens) and on the low side at different values corresponding to different levels of QC. The tradeoff between QC, failure probability, and laminate thickness (weight) will be explored.
The effects of QC on probability of failure and laminate thickness
Since the primary failure mode of the laminate is micro-cracking, the tensile strain limit e2 u is the first quantity to be improved by QC. The normal distribution of e2 u is truncated at 3σ to exclude unrealistically strong specimens. On the low side, QC at -4σ, -3σ, and -2σ was checked; this corresponds to rejecting 3 specimens out of 100,000, 14 specimens out of 10,000, and 23 specimens out of 1,000, respectively. Table 12 shows the change in the failure probability for selected reliability-based designs. QC on e 2 u is a very effective way to reduce the probability of failure. A relatively low cost QC of e 2 u at 3σ will reduce 20 the failure probability by more than two orders of magnitude. As shown in Table 15 and 16 of Qu et al., 4 QC on other allowables, elastic properties, and coefficients of thermal expansion was found to have very limited influence on the probability of failure.
Therefore, the primary failure mode of the laminate is micro-cracking, and e 2 u is the critical parameter to study further. 30.5×10 -6 0.0 0.0 25.0°
56.5×10 -6 29.9×10 -6 0.1×10 -6 0.0 26.0°
60.7×10 -6 31.0×10 -6 0.5×10 -6 0.0
Instead of reducing failure probability, QC can be used to reduce the laminate thickness. Table 13 shows that QC of e 2 u at -2.8σ will allow 0.1 inch-thick laminates with failure probability below the required 0.0001. QC of e 2 u at -1.3σ, which corresponds to rejecting 97 specimens out of 1000, will reduce the thickness to 0.08 inch. Table 13 . The effects of QC of e 2 u on probability of failure for (±25°) S laminates of different thickness
Probability of failure from MCS 1,000,000 samples h (inch)
Un-truncated Normal 
EFFECTS OF OTHER IMPROVEMENTS TO MATERIAL PROPER TIES
Instead of QC, it is possible to improve the design by using a better material. Table 14 shows the effects of changing the mean value of e 2 u by ± 10 percent of the nominal value of 0.0154. Comparison with Table 12 shows that a 10% improvement has a big influence on failure probability but is not as powerful as QC at -3σ level. 3.4×10 -6 996.7×10 -6 The failure probability also depends on the CV of e 2 u . The CV can be improved if the manufacturing can be more consistent. Table 15 shows that the failure probabilities are not as sensitive to changes in the CV as to changes in the mean value of e 2 u , but 10 percent reduction in the CV can still reduce the failure probability by about a factor of five. 208.2×10 -6 10.8×10 -6 Figure 3 combines several effects discussed earlier to show a tradeoff plot of probability of failure, cost (truncating and changing the distribution of e 2 u ), and weight (thickness)
for a laminate of [ ± 25] S. For a probability of failure less than 1×10 -3 , QC at the -2σ level 22 is more effective for reducing the probability of failure than increasing the mean value by 10 percent or decreasing the CV by 10 percent. The reason is that small failure probability is heavily affected by the tails of the distributions. For large failure probability, increasing the mean value of e 2 u is more effective. Increasing the mean value of e 2 u by 10 percent or truncating e 2 u at -2σ can reduce the laminate thickness to 0.10 inch for a safety level of 1×10 -4 . Combining all three measures together, the laminate thickness can be reduced to 0.08 inch with a safety level of 1×10 -7 . Table 16 shows the changes of maximum e2 calculated by the laminate analyses. Ten percent (10%) changes of the mean values of E 2 , T zero , and α 2 (same CV) will lead to approximately 5% change in the maximum e 2 , which indicates that further study needs to focus on the three quantities. 
CONCLUDING REMARKS
The design of hydrogen tanks for cryogenic environments poses a challenge because of large thermal strains that can cause matrix-cracking, which may lead to hydrogen leakage. The laminate design must use ply angles that are not too far apart to reduce the thermal residual strains, compromising the ability of the laminate to carry loads in two directions. These small ply angles can cause the laminate thickness to more than double compared to what is needed to carry only the mechanical loads in the application study here.
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Various solutions for alleviating this problem were evaluated in this paper. First, deterministic optimizations showed that allowing micro-cracking in part of the laminate does not help, but shunting part of the load to an auxiliary structure, such as a cable connecting the two caps, may be a reasonable approach. The high probabilities of failure of deterministic designs motivate reliability-based design.
Reducing the probability of failure required increases in thickness. The most influential , or an increase in its mean value, also reduces the failure probability substantially. Increasing the transverse modulus E 2 , decreasing the coefficient of thermal expansion α 2 , and reducing the stress-free temperature T zero can also help considerably.
APPENDIX I: DETERMINATION OF STRAIN LIMIT CORRESPONDING TO ONSET OF MATRIX CRACKING
The material properties of IM600/133 were taken from Aoki et al. 3 and fitted with smooth polynomials in order to be used in calculations. Figures 1 and 2 show curves of material properties to temperatures. Data from Aoki et al. 3 were used to determine the strain allowables. They tested a 16-ply quasi-isotropic (45/0/-45/90) 2s symmetric laminate in tension in the 0° direction at cryogenic temperatures. The nominal specimen thickness and width were 2.2mm and 15mm. The mechanical loads corresponding to matrix cracks (Table A1) were extracted from Figure 5 in Aoki et al. 3 The strain transverse to the fiber direction, ε 2 , is assume d to be the strain that induces matrix cracking in the laminate.
Based on the load condition and the co nfiguration of the laminate, the transverse strain ε 2 in the 90° plies is the most critical strain in the laminate.
Normally, strain allowables are calculated by loading laminates at room temperatures.
However, for micro-cracking, the residual stresses are of primary importance, so all strains are calculated from the stress-free temperature, assumed to be 300 °F. The calculations are made by integrating the thermal strains from the stress-free temperature to the operational temperature as described in Appendix II. However, the calculation indicates that the total strain (including the residual thermal strain) may vary anywhere from 1.5% to 1.9% depending on the temperature and the measurement. These values appear high, but this is because they include the residual strains that are usually not counted. For the quasi-isotropic laminate, these residual strains at room temperature are very high (at 0.86%) and are higher at lower temperatures.
The importance of working with strains measured from the stress-free temperature is demonstrated in Table A2 , which shows the ε 2 in the angle-ply laminate ( ± 25) 4S under the same loading condition as Table 1 . At room temperature, the residual (thermal)
strains are only about 0.4% compared to 0.86% for the quasi-isotropic laminate. An analysis based on strains measured from room temperature will not show the additional 0.46% strain that the ( ± 25)4S laminate can carry compared to a quasi-isotropic laminate.
Based on the data from Table A1 , we selected the allowable strain to be 1.54% for the probabilistic design and 1.1% (1.4 safety factor) for the deterministic design. 
